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LETTER TO THE EDITOR

Equivalent isotropic Osp(2]2) spin chains and its Bethe
ansatz analysis
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Universidade Federal de S#o Carlos, Departamento de Fisica, CP 676, 13560 Sio Carlos, Brazil

Received 4 July 1995

Abstract. In this paper we discuss the equivalence berween two integrable and isotropic
Osp(2]2) chains via the braid-monoid approach. We use the analytical Bethe ansatz approach
in order to solve the spectrum of these systems. The ground state is parametrized by a special
structure of the Bethe ansatz roots. Their interpretation in terms of comelated fermionic models
is briefly discussed.

Jt is known that the solution of the Yang-Baxter equation plays an important role in the
construction of exactly integrable models [1]. Recently, a new rational solution of the Yang—
Baxter equation invariant under the spl{2[1) superalgebra has been found in the literature
[2-4]. The mean feature of this solution is the presence of an additional non-additive
parameter and its explicit invariance under the (1) symmetry. On the other hand, it is
known that a rational Osp(2|2) invariant solution can also be constructed by using many
different approaches [5-8]. Due to the isomorphism spl(2[1) ~ Osp(2]2), it is reasonable
to think that these two solutions might be connected, for certain particular values of the extra
parameter appearing in the spl(2]1) solution. One possible way to verify such a relation is
to test whether or not such rational R-matrices share common algebraic structures, such as
the braid-monoid algebra [9]. The basic problem here is that we checked that the standard
Osp(212) monoid {8] does not preserve the /(1) invariance. Thas, from the point of
view of Boltzmann weights, such a connection is not established in a trivial way. The
first purpose of this work is to clarify this issue, by showing that the rational spl(2|1)
solution at its fundamental four-dimensional representation [10]} can be written in terms of
the braid-monoid scheme. We then take advantage of the /(1) and crossing properties
of the braid-monoid appreach in order to solve the associated Osp(2|2) spin chain by the
analytical Bethe ansatz approach. We found that the ground state is determined by a peculiar
string structure of the Bethe ansatz roots. We also discuss their connection with models of
correlated fermions [4, 11-14]. |

We start our discussion by recalling the basic properties of the braid-monoid structure
appearing in graded rational R-matrices (see e.g. [8, 151). The braid P; is chosen to be
the graded permutation operator (Pf )% = (—1)P@r®s, ;5. , where p(a) is the Grassmann
parity. The monoid E; is a Temperley-Lieb operator [16] satisfying the following exira
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(braid-monoid) relations [9]1:
EiEis E; = E; E} =¢tE;
PE PFE;s; = E;PS Pf = E;Em 0y
E;PEE; =tE; PPE; = E; P} = tE;

where the constant ¢ assumes the values ¢ = £3I. For the Osp(2|2) system the parameter §

is zero, £ = 0 [8]. In this case the ‘Baxterized ' form [8, 15] of this braid-monoid algebra
has the following expression:

A
(R(A)1.2)5h = Aacdpa + (PG — T (E12)55 - @)
Morecver, in order to search for solutions of the braid-menoid structure (1) we set the
following ansatz for the monoid E; (8]
(NG = ataperdy 3)
where o, are the elements of a invertible matrix and the symbol st stands for the

supertranspose operation. The typical matrix o leading the monoid (3) to satisfy the
properties (1) is that appearing on the definition of the Osp(2|2) invariant elements, namely

(bbff grading) (see e.g. [8, 7])

10 0 0
01 0 0

“=100 o 1 @
00 -1 0

As it has been mentioned above, we have found out that such a solution breaks the
U(1) invariance of the monoid (3) explicitly. However, by imposing the U/{1) symmetry,
we are then able to find an extra solution which, in the £bff grading, is written as follows:

0 -1 00
1 0 00

“@=lo o0 01| ®)
0 0 10

Now we can directly verify that the second solution o2 is equivalent to the spl(2|1)
solution of [3, 4] for the special value of the extra non-additive parameter. For instance, in
[3] this parameter is denoted by & and one has to take the limit & — 0§. More precisely,
considering the appendix of [3], we are able to establish the following identity:

5 2u . _
(1+20) lim R, )33 — ([ +2uPE) = —— e )
where the matrix elements &, are
00 ¢ 1
- 00 -1 0
“lo1 o of" 0
10 0 0

To complete the verification, one has to set A = 2u and check that the matrix o2 is
related with & by just changing the grading bbff to fbbf. Next some important comments
are in order.

It tumns out that solutions &, and o lead us to distinct vertex models||. In fact, from

1 For a generalization of multi-colour versions see, for example, {171,

t It is possible to show that the sign of s changes according specific choice of grading.

§ In the case of [4] one has to take (carefully) the limit & ~» —1.

i Indeed one can check that the two matrices o) and ¢ are not connected by a unitary transformation.
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{2)<5), we notice that the first model possesses 38 non-null Boltzmann weights while that
defined by oz has only 36 vertices. Besides that, it is evident that they also possess some
vertices with different functional behaviour. However, one would expect that common
features may appear in a structure involving only the braid-monoid operators. For instance,
this is the case of the two-body Hamiltonian defined as the derivative of the R-matrix at
A = 0. In general, the Hamiltonian on a lattice of L sites is given by

L
Hip= Z[ﬁi.;_] — (Eiipdial. 8)
=l

In fact, we have verified by numerical diagonalization of (8) (for several values of
L, including odd values) that these two Hamiltonians share the same spectrum. This
information is extremely useful in order to choose a more symmetrical system (Hy) to
perform exact calculations such as the Bethe ansatz analysis. Thus, let us turn to the
problem of the diagonalization of H. First of all, it is possible to show that this model is
obtained as the logarithmic derivative of the following transfer matrix:

T) = TrolLor (). - Lat(A)] ®
where the index 0 denotes the 4 x 4 auxiliary space and the operator L)Y =

(-1)P@P® R(A)EE. I we choose the particular fbbf grading, we find that following
expression for £(1):

°

IA)en + p(jess
e oo e — o (e e + o (Mesy ren )
Alery + ess]
—_ 2 A ——
£0) = ez — o (A)esa +a(Aen +1{A)esz sthlen sz = odel (10)
A +

e13 +o(A)exn s{X)ez3 +t U&:: +Z?£)233 a3 — o (Men

ey + LA
k n(A)els e — o (Aen eu + o(Mep P(_l_le[:n +23)3§“ )

where the matrix elements of (.4 )eq = Sacdpa and the functions appearing in (10) are given
by
1

N =1-%  ad=-——  o()=An(}) am:ni_

1+2 ) ' a1
s = (1 20k p(h) = ~24 (1 + %)n(l} r(3A) = A%n(r).

In order to apply the analytical Bethe ansatz we first notice that the action of the operator
£()) in the usual ferromagnetic reference state has a triangular form, namely,

1—4 % = * i
0 A0 0
o= 5 o1 o=, |- (12)
AIHAY :
0 0 0 -Mh 0

Taking into account this structure, the analytical Bethe ansatz approach (see e.g. [18])
now seeks for a more general ansatz for the eigenvalues of T(1) as

My 2 M
AR AL =a=0[TAG -+ 253 [ BG. A5 45
j=1 k=T j=1
A2+ 1T A .
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where the rational functions A(x), Bj(x) and C(x) can be fixed by exploiting crossing
symmetry?}, unitarity condition and the asymptotic behaviour of the cperator £{A). We then
have found the foliowing relations:

A-1—-x)=C(x) Bi{—1 — x} = Ba(x) AX)A(—x)=1. (14)
Considering the ‘minimal’ pole assumption [18] (and our previous experience with
Osp(1]2r) systems [20]) we start with the ansatz A(x) = "'_H 77 Now, by using properties
(12) and by looking for a common pole structure in the fbbf grading for A(A; A}, AD), we
are able to find the following solution:
Mp — A +i/2 Mj— A +i/2
AL A =i-0)Ef | —2——+AL ——
(3225 = A =4) Hl A =2 E).—-l}—-ijz

ﬁx—z}—13/2+ﬁ A=Al +if2 ﬁk—l}-}-iS/z}
i A =2 +if2 j=ll—l}+i3[2j=1 A—it+if2
+[ A(Zi-]—l):l"'l“i‘[ A=Al +if2

A+l ] SgA—Al+3i2

(13)

where for later convenience the scaling A — i has been used. Finally, the set of numbers
{A}, A%} are fixed by imposing that the eigenvalues A(X, A}, A7) have no pole at finite value
of A. This leads to the foIlowing Bethe angatz condition;

Al —if2 ~M-i a2 Mol ald
Ty L _ ) k 6
( : ) 1) H Yy ]'[}_2_JL2+21 I1 : (16)

iz o1 A7 =41
and the eigenenergies of Harmltoman (8) are parametrized by
My 1
ELy =Y ———r—L. (17)

Such resulis are almost in accordance to that obtained previously in [3], if one considers
the special rational case and the limit # — O (a fundamental four-dimensional representation
of slp(2]1)) in Maassarini’s results. In particular, our analytical result for the eigenvalue
AL, J,AZ} gives further support to the conjecture made in [3] concerning its general
structure for the spf(2]|1) model. The basic difference is the presence of an extra factor
—(—=1)* in our equations (13) and (16). We believe that its origin is a consequence of
the fact that we have not used the superiensor formalism of [3]. We find that this factor is
crucial in order to fit the ground-state property of the Hamilionian (8). 'We have verified this
fact (even for odd lattices) by numerically solving the Bethe ansaiz equations {16), (17) and
have compared them with the exact diagonalization of Hamiltonian (8) for several values of
L. Remarkably enough, this analysis leads us to find that the roots {l}, JLJ?} governing the
ground state have a special string behaviour. This is shown in table 1 for some intermediate
zeros and several values of L. Our numerical results suggest the following structure of
solution for the ground state:

=g +i+0E™) . =g (18)

wherea > 0and j =1, ..., [L/2]}. In the thermodynamic limit, L — oo, the roots {}.}-} are
believed to cluster around -H. In this case the second Bethe ansatz equation is automatically

i In our case the crossing property acts as Ri{A)} = (g2 @ [ )R}"" (=1 =22 @ I*N.
f [L/2]is the integer part of L/2.
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Table 1. Some intermediate (middle of the chain} zeros corresponding to the ground-state
structure of (16).

L  ImA]  Refal] A2

16 097166 0.28074 028236
20 097307 037949 038179
24 098395 028075 028140
28 098395 034414 034484 -
32 098356 032731 032770

satisfied. This situation resembles those appearing in the supersymmetric T — J model [21],
and some care has to be taken to perform the limit in the first equation (16). We recall,
however, that our case is a bit more involved since the roots cluster around i, Considering
previous experience with the ¢ — J model [21}] and our string structure (18) we find the
following final form for the Bethe ansatz (governing the ground state):

L2
—(=1)*eil¥én — l‘[ eid (& —&) (19
Jok
where ¥ (x) = 2farctan(2x/3) — arctan(2x)] and ¢{x} = 2arctan(x/2). Thus, the final
effect of the ansatz (18) is that we end up with a scattering between particles with pseudo-
momentum ¥ (£) and phase-shift ¢ around a ring of size L. Strictly in the thermodynamic
limit, equation (19) goes to a integral equation for the density p(£)

oo

W€ +2mp(§) = @' — u)p(u)du (20)

—o0
where the prime symbol stands for the derivative. Such an integral equation is then solved
by elementary Fourier techniques, and we find the following simple result:

1

plE) = cosh(rE) : . (21)
and the ground-state energy per particle e, is given by
ew= [ PGV EE% - 1= 4102 +1. 22)

In order to conclude this paper we would like to remark on the possible interpretation
of Hamiltonian (8) in terms of strongly correlated electronic systems [4, 11-14]. Recently,
new generalizations of the Hubbard model containing additional hopping terms have been
proposed in the context of the rational gf(2|1) vertex model [4] and a generalization form
of six-vertex scattering {12-14]. We have verified that the two-body term of our second
Hamiltonian { Hz) corresponds to an analytical continuation in the non-Hermitian region of
this general Hubbard model [4, 13]. In particular, in the notation of {4], our two-body term
of H, is seen as the limit U — —2, where 7 is Hubbard parameter entering in [4]. The
first Hamiltonian, however, presents some new terms. More precisely, by taking the basis
of the four electrons states as follows:

0 0 o d.d o (23)

we find that H; contains the following two extra terms:

Yo e} _pCitta + CimaClyy o Mic F Mistc = igistm] (24)
o=k
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and

i —ni s+ — 101 ) (25)

where #;, +(n;, —) is the number of electrons up (down). Interesting enough, we notice
the presence of an off-site Coulomb interaction. The price we have paid is the explicit
breaking (equation (24)) of the U (1} symmetry in order to guarantee integrability. Although
these two Hamiltonians share the same eigenvalues, they do not necessarily have the same
eigenfunction. In fact, a numerical analysis reveals that even the ground-state wavefunction
is, in fact, different in these two models. This means that such systems may present
different behaviour concerning correlation functions and therefore are related to distinct
physical behaviour. Concerning physical applications, the main drawback of these models
is that they are intrinsically non-Hermitian. )

In summary we have discussed equivalent Osp(2[2) spin chains by the braid-monoid
approach. We have used the analytical Bethe ansatz approach in order to determine the
ground-state energy. Motived by these results, additionally we have been able to generalize
the U(1) monoid construction for all Osp(r|2m) algebra. In this case the I/ (1) monoid is
built on an antidiagonal matrix ¢z possessing only elements 1. The integer m is the number
of minus signs and n = antitrace(). The first non-trivial case of such generalization is
in fact the Osp(2|2) system, since the Osp(l|2r) is automatically /(1) invariant [20].
Hopefully, this new construction will be useful in order to find the Bethe ansatz solution
for the general Osp(n|2m) R-matrices.

This work is supported by CNPq and FAPESP (MIM) and by Capes (PBR) (Brazilian
agencies). )
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